For a simple graph we introduce notions of the double star sequence, the double star frequently sequence and prove that these sequences are inverses of each other. As a consequence, we express the general second Zagreb index in terms of the double star sequence. Also, we calculate the ordinary generating function and a linear recurrence relation for the sequence of the general second Zagreb indexes.
Introduction
Let G be a simple graph whose vertex and edge sets are V (G) and E(G), respectively. Let d v be the degree of the vertex v ∈ V (G). For any real p the general second Zagreb index is defined by For example S 0,0 = P 2 , S 0,1 = P 3 , S 1,1 = P 4 and S 0,a is the star S a+1 . Denote by S a,b (G) the number of subgraphs of G which are isomorphic to the double star S a,b . For instance S 0,0 (G) is equal to the number of edges of G. It is easy to see that there exists only one connected graph G of order n such that S n−2,n−2 (G) = 1, namely, the graph with the degree sequence n − 1, n − 1, 2, . . . , 2 n−2 times . Also, we have that S a,n−1 (G) = 0 for all a.
1
The triangle
is called the double star sequence of a graph G.
The value S a,b (G) can be counted by simple combinatorial techniques:
see [2] , the formulas (1.7)-(1.8).
For small p we have
Also, by using the simple identity
we have that
We generalize these expressions for the general second Zagreb index M (p) 2 (G) for any natural p. See also [3] for similar results for the general first Zagreb index. The main result of the paper is the formula for expressing of the general second Zagreb index in terms of the double star sequence:
here p i are the Stirling numbers of the second kind. Also, we calculate the ordinary generating function for the integer sequence {M (p) 2 (G)}. Denote by C n the set
and the linear recurrence relation for the integer sequence {M
are the Comtet numbers of the first kind associated with the set C n−1 .
Double star and double frequently sequences
Any edge {u, v} ∈ E(G) is the double star
Let f i,j denotes the number of edges in G which are the double stars S i,j . For example, f 0,0 is the number of isolated edges in G. For the graph G with the degree sequence n − 1, n − 1, 2, . . . , 2 n−2 times , we have f n−2,n−2 = 1, f 0,n−2 = 2(n − 2) and f i,j = 0. The integer triangle
is called the double star frequently sequence of a graph G.
Then the double star sequence and the double star frequently sequence have form
The double star sequence and the double star frequency sequence are a pair of multinomial inverse sequences, see [4, section 3.5] for more details. The following theorem holds.
Proof. (i) The statement follows immediately from the definitions of
(ii) For simplicity, we consider only the case a = b. We have Now we use the orthogonal relation, see [4] ,
and the simple identity
Then the coefficient of f p,q equals
as required.
The proof of the case a = b is almost identical to that of the case a = b and is omitted.
As a consequence, we obtain the double star variant of the Handshaking lemma
From [5] we know that
here n 0 is the number of isolated vertices of G. Then by definition of the double star frequently sequence we get that
The second general Zagreb index
For the second general Zagreb index we have
Now we can express the second general Zagreb index M p 2 (G) in terms of double star sequence:
for any natural number p.
Proof. We have
Simplify the second sum
Simplify the first sum
Thus the coefficient of
We are using here the identity
which can be derived from the formula
see [8] . In fact, we have
Here, we used the following simple summation interchange formula
Example 2. For any simple graph G we have
Similar formulas for triangle free graphs are derived in [2] .
Recurrence relations for the generalized second Zagreb indexes
The following generalization of the Srirling numbers of the first kind is well known, see [6] , [7] . Let S be an arbitrary set of natural numbers of cardinality |S|. Then the Comtet numbers of the first kind S i associated with the set S are defined by
here (z) S is the generalized Pochhamer symbols. The Comtet numbers of the first kind associated with the set S = {0, 1, · · · , n − 1} coincides with the usual Stirling numbers of the first kind.
Example 3. Denote by C n the set
For n = 4 we have 
2 (G) = −1296 M
2 (G) + 3060 M
2 (G) − 2664M
2 (G) + 1115M
2 (G)− −239M
2 (G) + 25M
2 (G).
